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ABSTRACT: In the present work, an efficient Monte Carlo (MC) algorithm and a two-dimensional fixed pivot
technique (FPT) are described for the calculation of the molecular weight distribution (MWD) for linear polymers
(e.g., poly(methyl methacrylate), PMMA) and the bivariate molecular weight-long chain branching distribution
(MW-LCBD) for highly branched polymers (e.g., poly(vinyl acetate), PVAc), produced in chemically initiated
free-radical batch polymerization systems. The validity of the numerical calculations is first examined via a direct
comparison of simulation results obtained by both methods with experimental data on monomer conversion and
MWD for the free-radical MMA polymerization. Subsequently, the developed FPT and MC numerical algorithms
are applied to a highly branched polymerization system (i.e., VAc). Simulation results are directly compared
with available experimental measurements onMn, Mw andBn. Additional comparisons between the MC and the
FP numerical methods are carried out under different polymerization conditions. In general, the 2-D FPT can
provide very accurate predictions of the molecular weight averages and MWD for both linear and highly branched
polymers in relatively short times but its numerical complexity requires special computational skills. On the
other hand, the stochastic MC algorithm described in the present study is quite easy to implement but often
requires large computational times, especially for highly branched polymers at high monomer conversions. It is
important to point out that, to our knowledge, this is the first time that the joint (MW-LCB) distribution for
branched polymers is calculated by two independent numerical methods via the direct solution of the governing
population balance equations for both “live” and “dead” polymer chains.

Introduction

The elucidation of the molecular architecture of highly
branched polymer chains in terms of the kinetic mechanism has
been the subject of great number of theoretical and experimental
studies. It is well-established that the molecular properties of
polymers (e.g., molecular weight distribution, MWD, copolymer
composition distribution, CCD, long chain branching distribu-
tion, LCBD, etc.) are directly related to their end-use properties
(e.g., physical, chemical, mechanical, rheological, etc.). Hence,
the ability to control accurately the molecular architecture of
polymer chains in a polymerization reactor is of profound
interest to the polymer industry.

A well-known approach for the calculation of the distributed
polymer molecular properties (e.g., MWD, LCB, etc.) is the
use of multivariate population balance equations1 (PBE). In
principle, based on the polymerization kinetic mechanism, one
can derive dynamic PBEs to describe the time evolution of the
“live” and “dead” polymer chains in a polymerization reactor.
However, the total number of the resulting dynamic molar
species balances is commonly of the order of hundreds or
thousands equations. Consequently, the computational effort
associated with the solution of the complete set of nonlinear
differential equations is prohibitively high for most cases of
interest. To deal with the above high dimensionality problem,
several numerical methods have been proposed in the literature
to reduce the infinite system of differential equations into a low-
order system. These can be broadly classified into kinetic
lumping methods,2-5 polynomial expansion methods,6 global

orthogonal collocation,7,8 method of moments,9,10 “numerical
fractionation” methods,11-13 discrete weighted Galerkin,14,15

orthogonal collocation on finite elements and sectional grid
methods.16 In general, the numerical methods mentioned above
are computationally complex and require special mathematical
skills. Commonly, a number of kinetic assumptions (e.g., the
steady-state approximation for the “live” radical chains, absence
of gel-effect, etc.) are made to simplify the numerical complexi-
ties associated with the solution of the governing PBEs. Note
that the accuracy of the numerical solution is greatly dependent
on the discretization of the chain-length domain which changes
several orders of magnitude (e.g., 1 to 107).

An alternative approach to the above deterministic methods
is the use of probabilistic tools (e.g., Monte Carlo simulations).
Gillespie proposed a general stochastic simulation approach for
chemically reacting systems.17 On the basis of Gillespie’s form-
ulation, Yang and his co-workers developed Monte Carlo algo-
rithms for the stochastic simulation of free-radical polymeri-
zation kinetics.18-20 However, the formation of long-chain
branches was never included in their implementations. Recently,
a similar formulation was applied for the stochastic simulation
of microemulsion polymerization.21 Tobita and his co-workers
followed a different stochastic approach (i.e., use of some known
distributions for the polymer chains) to calculate the MWD and
LCBD in free-radical highly branched polymerization sys-
tems.22-25 However, they did not account for diffusion-con-
trolled termination and propagation reactions and also assumed
that the steady-state approximation for the “live” polymer chains
holds true to simplify the numerical solution of the stochastic
problem. The stochastic approach, while being very simple to
implement, quite often requires long simulation times that can
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be a major drawback for the real-time simulation of an industrial
polymerization process.

In the present work, two novel numerical approaches, namely,
the two-dimensional fixed pivot technique (2-D FPT) and a
stochastic Monte Carlo (MC) algorithm are described to
calculate the MWD of “linear” polymers up to very high
monomer conversions (e.g., 98%) and the bivariate (MW-LCB)
distribution of highly branched polymers produced in free-
radical batch polymerization reactors.

Kinetic Mechanism and Polymerization Rate Functions.
In the present study, the following general kinetic mechanism
was employed to describe the formation of both linear and
highly branched polymers in chemically initiated free-radical
polymerization systems.

Initiator decomposition:

Chain initiation:

Propagation:

Chain transfer to monomer:

Chain transfer to solvent:

Reaction with terminal double bond:

Chain transfer to polymer:

Termination by combination:

Termination by disproportionation:

where the symbolsPb,n and Db,n denote the respective “live”
and “dead” polymer chains having “b” long chain branches and
a total chain length equal to “n” . The above kinetic mechanism
includes initiation and propagation reactions, termination by
combination and disproportionation, molecular weight control
reactions via transfer to monomer and solvent (chain transfer
agent) and long chain branching formation via transfer to
polymer and terminal double bond reactions.

Polymer chains having a terminal double bond, resulting from
termination by disproportionation or/and transfer to monomer
reactions, can react with “live” polymer chains to form long
chain branches (see Figure 1).

Moreover, long chain branches can be formed via transfer to
polymer reactions that involve the transfer of reactivity from a
“live” polymer chain to a “dead” one. In the latter case, a
hydrogen atom is first abstracted from the backbone of a “dead”
polymer chain, leading to the formation of a “live” polymer
chain having an internal radical center, and a “dead” polymer
chain. Subsequent addition of monomer units to the internal
radical center leads to the formation of a new long chain branch
(see Figure 2). It should be noted that in the present study, a
total rate constant of chain transfer to polymer was considered
that involves both transfer mechenisms (i.e., transfer to the
backbone,-CH2CH2-, and transfer to the side vinyl acetate
group, CH3COO-).

In the present study, in order to reduce the number of bivariate
population balances to be solved numerically, it was assumed
that the concentration of the “dead” polymer chains having a
terminal double bond was some known fraction of the total
number of “dead” polymer chains.10 Thus, based on the
postulated kinetic mechanism and assumptions, the following
dynamic population balance equations for the “live”,Pb,n(t), and
“dead”, Db,n(t), polymer chains can be derived for a batch
polymerization system:1

Figure 1. Formation of long chain branches via terminal double bond polymerization.

Figure 2. Formation of long chain branches via transfer to polymer reaction.
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where rb,n
P (t) and rb,n

D (t) denote the corresponding net produc-
tion rates for “live” and “dead” polymer chains, respectively.
Their detailed functional forms are given by the following
expressions:
Net formation rate of “live” polymer chains of length “n” with
“b” branches:

Net formation rate of “dead” polymer chains of length “n” with
“b” branches:

whereδ(n) is the Kronecker’sδ function (i.e.,δ(n) ) 1, if n )
0, andδ(n) ) 0, if n * 0). The symbolsNb andNn denote the
maximum number of branches and the maximum degree of
polymerization, respectively.

The Monte Carlo Method. Assuming that the kinetics of a
spatially homogeneous free-radical polymerization system can
be approximated by a discrete stochastic process, a Monte Carlo
(MC) algorithm can be developed to simulate its dynamic
evolution. In the present study, following the original develop-
ments of Gillespie,17 a simple and efficient algorithm was
derived to describe the stochastic dynamic evolution of a
chemically initiated free-radical batch polymerization system.
The basic principles governing the proposed stochastic formula-
tion are described next.

Let us first assume a spatially homogeneous mixture ofNs

different molecular species,Si, (i ) 1, 2, ...,Ns) of volumeV.
Let us also assume thatXi is the number of molecules of species
“ i” and that the different molecular species can interact with
each other viaNR distinct chemical reactions. In general, the
net formation rates for all the chemical reactions in the reacting
system can be described by the following equation:

wherekj denotes the kinetic rate constant of the “jth” reaction
and Xc is the total number of possible combinations of the
molecules involved in a reaction step. That is, for a bimolecular
chemical reaction of the typeS1 + Sm f Sn (klm), the net reaction
rate will be equal toRj ) klm Xl Xm.

In Table 1, the MC calculated rates for all the reactions
described by the general kinetic mechanism, eqs 1-9, are given.

Note that the time interval required for two successive
reaction events to take place (i.e., the occurrence of the same
reaction twice or the occurrence of two different chemical
reactions of the kinetic mechanism) will be given by the
following equation:

where rni is a randomly generated number from a uniform
distribution in the range of [0,1]. To identify the reaction step,
“ j” , from the set of all possible reaction events (j ) 1, 2, ...,
NR) that will take place within the infinitesimal time interval (t
+ ∆t f t + ∆t + dt), the following equation is employed

wherePi denotes the probability for the occurrence of the “i”
reaction and is given by

The MC simulation of all the chemical reactions described
by the general polymerization kinetic scheme (see eqs 1-9) is
straightforward. That is, after each time interval,∆t, individual
polymer chains (either “live” or “dead”) are randomly selected
in order to react either with monomer molecules or other poly-
mer chains, according to the defined reaction rates (see Table
1). Special attention must be paid to the MC simulation of the
chain transfer to polymer reaction since, according to Table 1,
the rate of consumption of “live” polymer chains for the
production of “dead” polymer chains will be different from the
rate of consumption of “dead” polymer chains for the production
of “live” polymer chains. In this study, the chain transfer to
polymer reaction was simulated by two different reaction steps
(see Table 1), corresponding to two different reaction rates,Rfp

1

and Rfp
2 . Furthermore, the following probability criterion was

implemented to account for the free-radical attacks on all chain-
terminal carbon atoms in a “dead” polymer chain,Dr,m, that do
not lead to the formation of a new long chain branch.

where (m - r - 1) denotes the total number of non-chain-
terminal carbon atoms of the “dead” polymer chain,Dr,m. It
should be noted that all the kinetic rate constants of the rate
functions shown in Table 1 are expressed in terms of reacting
molecules (i.e., molecules-1 min-1) rather than in terms of
concentration (i.e., L mol-1 min-1). A detailed description of
the MC algorithm, as applied in the present study, is shown in
Figure 3.

In particular, the MC algorithm consists of the following
steps:

1
V

∂[VPb,n(t)]

∂t
) rb,n

P (t); b ) 0, 1, ...,Nb; n ) 1, 2, ...,Nn

(10)

1
V

∂[VDb,n(t)]

∂t
) rb,n

D (t); b ) 0, 1, ...,Nb; n ) 1, 2, ...,Nn

(11)

rb,n
P (t) ) {kI[PR•][M] + (kfm[M] +

kfs[S]) ∑
z)0

Nb

∑
x)1

Nn

Pz,x(t)}δ(n - 1)δ(b) + kp[M][ Pb,n-1(t) -

Pb,n(t)] - (kfm[M] + kfs[S])Pb,n(t) +

kfpnDb-1,n(t) ∑
z)0

Nb

∑
x)1

Nn

Pz,x(t) - kfpPb,n(t) ∑
z)0

Nb

∑
x)2

Nn

xDz,x(t) -

ktcPb,n(t) ∑
z)0

Nb

∑
x)1

Nn

Pz,x(t) - ktdPb,n(t) ∑
z)0

Nb

∑
x)1

Nn

Pz,x(t) -

kdbPb,n(t) ∑
z)0

Nb

∑
x)2

Nn

Dz,x(t) + kdb ∑
z)0

b-1

∑
x)1

n-1

Pz,n-x(t)Db-z-1,x(t) (12)

rb,n
D (t) ) (kfm[M] + kfs[S])Pb,n(t) +

kfpPb,n(t) ∑
z)0

Nb

∑
x)2

Nn

xDz,x(t) - kfpnDb,n(t) ∑
z)0

Nb

∑
x)1

Nn

Pz,x(t) -

kdbDb,n(t) ∑
z)0

Nb

∑
x)1

Nn

Pz,x(t) + ktdPb,n(t) ∑
z)0

Nb

∑
x)1

Nn

Pz,x(t) +

1

2
ktc ∑

z)0

b

∑
x)1

n-1

Pz,x(t)Pb-z,n-x(t) (13)

Rj ) kj X
c; j ) 1, 2, ...,NR (14)

∆t ) (∑
j)1

NR

Rj)
-1 ln(rni

-1) (15)

∑
i)1

j-1

Pi < rnk e ∑
i)1

j

Pi (16)

Pi ) Ri/ ∑
z)1

NR

Rz (17)

(m - r - 1)/m g rni (18)
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Step 1: Initially, the MC simulation parameters are specified.
This step includes the determination of the total polymerization
time, tp, and polymerization temperature,T, as well as the initial
masses of monomer,M(0), initiator, I(0), and CTA,S(0).

Step 2: Subsequently, a species sample is generated by
dividing the initial volume of the system (i.e., monomer volume,
V0) by a factor,f. The mass of each species in the sample is
then calculated and converted into respective initial numbers
of molecules for monomer, initiator and CTA, (i.e.,Ms(0), Is-
(0), andSs(0)).

Step 3: For each time interval, the kinetic rate constants of
all the chemical reactions are calculated at the specified
polymerization temperature,T(t), and the current monomer
conversion,X(t), to account for the effects of diffusion-controlled
termination and propagation reactions (i.e., gel- and glass-effect).
Subsequently, all the chemical reaction probabilities are com-
puted according to the rate functions shown in Table 1.

Step 4: From eq 15, the time interval,∆t, is then calculated
and the chemical reaction that will take place after the elapse
of the time interval is randomly determined, according to eq
16, through the selection of two unit-interval uniformly dis-
tributed random numbers.

Step 5: The identified chemical reaction is then simulated
according to the respective step shown in Table 1.

Step 6: The values of the specified output variables (e.g.,
monomer conversion, leading moments of the MWD, etc.) are
subsequently calculated.

Step 7: In the final step, the simulation time is advanced by
the calculated time interval (i.e.,t ) t + ∆t). The MC simulation

is terminated when the total polymerization time has been
reached (i.e.,t ) tp). Otherwise, steps 3-7 are repeated.

From the MC simulation results, the number and weight-
average molecular weights as well as the number and weight-
average degrees of branching can be calculated using the
following expressions:

Number-average molecular weight:

Weight-average molecular weight:

Number-average degree of branching:

Weight-average degree of branching:

whereni
D andbi

D denote the respective total degree of polym-

Table 1. Monte Carlo Simulation of the Chemical Reactions and Their Respective Reaction Rates

reaction type reaction rate MC simulation algorithm

chain initiation (total reaction) Ri ) kd f I creation of two chains of typeP0,1

I 98
kd

2P0,1

I ) I - 1
M ) M - 2

propagation Rp ) kp λ0 M random selection ofPb,n

Pb,n + M 98
kp

Pb,n+1

Pb,n f Pb,n+1

M ) M - 1

chain transfer to monomer Rfm ) kfm λ0 M random selection ofPb,n

Pb,n + M 98
kfm

Db,n + P0,1

creation ofDb,n

Pb,n f P0,1

M ) M - 1

chain transfer to solvent Rfs ) kfs λ0 S random selection ofPb,n

Pb,n + S98
kfs

Db,n + P0,1

Creation ofDb,n

Pb,n f P0,1

S) S- 1

reaction with terminal double bond Rdb ) kdb λ0 µ0 random selection ofPb,n

Pb,n + Dr,m98
kdb

Pb+r+1,n+m

random selection ofDr,m

creation ofPb+r+1,n+m

removal ofPb,n

removal ofDr,m

chain transfer to polymer consumption ofPb,n random selection ofPb,n

Pb,n + Dr,m 98
kfp

Db,n + Pr+1,m
Rfp

1 ) kfp λ0 µ1 creation ofDb,n

removal ofPb,n

consumption ofDr,m random selection ofDr,m

Rfp
2 ) kfp λ0 µ0 m creation ofPr+1,m if (m - r - 1)/m g rni

creation ofPr,m if (m - r - 1)/m < rni

removal ofDr,m

termination by combination Rtc ) 0.5ktc λ0(λ0 - 1) random selection ofPb,n

Pb,n + Pr,m 98
ktc

Db+r,n+m

random selection ofPr,m

creation of Db+r,n+m

removal ofPb,n

removal ofPr,m

termination by disproportionation Rtd ) 0.5ktd λ0(λ0 - 1) random selection ofPb,n

Pb,n + Pr,m 98
ktd

Db,n + Dr,m

random selection ofPr,m

creation ofDb,n

creation ofDr,m

removal ofPb,n

removal ofPr,m

Mn ) (∑
i)1

µ0

ni
D/µ0)MWm (19)

Mn ) (∑
i)1

µ0

(ni
D)2/ ∑

i)1

µ0

ni
D)MWm (20)

Bn ) ∑
i)1

µ0

bi
D/µ0 (21)

Bw ) ∑
i)1

µ0

ni
D bi

D/ ∑
i)1

µ0

ni
D (22)
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erization and number of long chain branches for the “ith” “dead”
polymer chain.µ0 denotes the total number of “dead” polymer
chains in the sample population.

To reconstruct the weight chain length distribution (WCLD),
the total chain length domain is first discretized into a number
of Ne,n elements [un(i); i ) 1, 2, ...,Ne,n + 1]. Accordingly, the
WCLD that corresponds to a specific value of LC branches,
bk, and the respective normalized total WCLD,Wf, are then
calculated using the following expressions:

The Fixed Pivot Technique.In the present study, a novel
2-D sectional-grid method was employed for solving the
bivariate PBEs (see eqs 10 and 11). Specifically, the fixed pivot
technique26 (FPT) of Kumar and Ramkrishna was applied for

calculating the dynamic evolution of the polymer chain popula-
tions (i.e.,Pb,n(t) andDb,n(t)) in a free-radical batch polymer-
ization reactor. Thus, the original system of PBEs was reduced
to a finite number of discrete-continuous differential equations.

Following the original developments of Kumar and Ramkrish-
na,26 the two-dimensional domain with respect to the number
of LC branches per polymer chain and the total chain length
(i.e., degree of polymerization) was discretized into a specific
number of 2-D finite elements (Figure 4). LetNe,b + 1 andNe,n

+ 1 be the respective number of discrete points in the LC
branches domain and in the total chain length domain. The
symbolsub(j)(j ) 1,2,...,Ne,b + 1) andun(i)(i ) 1,2,...,Ne,n + 1)
denote the respective discrete values of LC branches and chain
length. Let alsoP(j,i,t) andD(j,i,t) be the concentrations of the
“live” and “dead” polymer chains in the center of a 2-D element
defined by the four discrete points [(ub(j), un(i)), (ub(j+1),
un(i)), (ub(j), un(i+1)), (ub(j+1), un(i+1))] (see shaded area in
Figure 4). Finally, letb(j) and n(i) be the corresponding dis-
crete values for the number of LC branches and total chain
length in the center of the above selected 2-D element. When
new polymer chains are formed within the 2-D domain de-
fined by the grid points [(b(j), n(i)), (b(j+1), n(i)), (b(j),
n(i+1)), (b(j+1), n(i+1))] (see striped area in Figure 4), via
termination by combination, transfer to polymer and terminal
double bond polymerization, their concentrations are assigned

Figure 3. Schematic representation of the Monte Carlo algorithm.

W ) ∑
j)1

un(i)enj
D<un(i+1)

&bj
D)bk

µ0

nj
D/(un(i + 1) - un(i)); i ) 1, 2, ...,Ne,n

(23)

Wf ) [ ∑
j)1

un(i)enj
D<un(i+1)

µ0

nj
D/(un(i + 1) - un(i))]/ ∑

j)1

µ0

nj
D;

i ) 1,2,...,Ne,n (24)
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to the four neighboring grid points in such a way so that four
selected moments (i.e., two in each domain) of the bivariate
(MW-LCB) distribution are exactly preserved. On the other
hand, polymer chains formed via initiation, transfer to monomer,
transfer to solvent, or termination by disproportionation reactions
do always correspond to the initially selected grid points.

From the application of the FPT to the bivariate PBEs, the
following continuous-discrete rate functions for the “live” and
“dead” polymer chains can be obtained:
Continuous-discrete rate for linear “live” polymer chains:

Continuous-discrete rate for branched “live” polymer chains:

Continuous-discrete rate for linear “dead” polymer chains:

Continuous-discrete rate for branched “dead” polymer chains:

wherej ) 2, 3, ...,Ne,b andi ) 1, 2, ...,Ne,n. Assuming that the
zero and first moment of the bivariate distribution are preserved
in each domain, the elements of the matricesA(i,k), B(i,k,m),
C(j,l), T(j,l,q), andO(j,l,q) can be calculated by the following
expressions:

rP(1,i,t) ) 2 fkd[I]δ(i - 1) +

kfs[S](∑
l)1

Ne,b

∑
k)1

Ne,n

P(l,k,t))δ(i - 1) +

kfm[M](∑
l)1

Ne,b

∑
k)1

Ne,n

P(l,k,t))δ(i - 1) + kp[M] ∑
k)1

i

A(i,k)P(1,k,t) -

kp[M] P(1,i,t) - kfs[S]P(1,i,t) - kfm[M] P(1,i,t) -

kfpP(1,i,t) ∑
l)1

Ne,b

∑
k)1

Ne,n

n(k)D(l,k,t) - kdbP(1,i,t) ∑
l)1

Ne,b

∑
k)1

Ne,n

D(l,k,t) -

ktd P(1,i,t) ∑
l)1

Ne,b

∑
k)1

Ne,n

P(l,k,t) - ktcP(1,i,t) ∑
l)1

Ne,b

∑
k)1

Ne,n

P(l,k,t) (25)

rP(j,i,t) ) kp[M] ∑
k)1

i

A(i,k)P(j,k,t) - kp[M] P(j,i,t) -

kfs[S]P(j,i,t) - kfm[M] P(j,i,t) -

kfpP(j,i,t) ∑
l)1

Ne,b

∑
k)1

Ne,n

n(k)D(l,k,t) +

kfpn(i)(∑l)1

Ne,b

∑
k)1

Ne,n

P(l,k,t))(∑l)1

j

C(j,l)D(l,i,t)) -

kdbP(j,i,t)(∑l)1

Ne,b

∑
k)1

Ne,n

D(l,k,t)) - ktdP(j,i,t)(∑l)1

Ne,b

∑
k)1

Ne,n

P(l,k,t)) +

kdb ∑
l)1

j

∑
q)1

j

∑
k)1

i

∑
m)1

i

B(i,k,m) T(j,l,q) P(l,k,t) D(q,m,t) -

ktcP(j,i,t)(∑l)1

Ne,b

∑
k)1

Ne,n

P(l,k,t)) (26)

rD(1,i,t) ) kfs[S]P(1,i,t) + kfpP(1,i,t) ∑
l)1

Ne,b

∑
k)1

Ne,n

n(k)D(l,k,t) +

kfm[M] P(1,i,t) + ktdP(1,i,t) ∑
l)1

Ne,b

∑
k)1

Ne,n

P(l,k,t) +

ktc ∑
k)1

i

∑
m)k

i

B(i,k,m) P(1,k,t) P(1,m,t) -

kfp n(i)D(1,i,t) ∑
l)1

Ne,b

∑
k)1

Ne,n

P(l,k,t) - kdb D(1,i,t) ∑
l)1

Ne,b

∑
k)1

Ne,n

P(l,k,t)

(27)

Figure 4. Representation of the 2-D discretization grid employed with
the FPT.

rD(j,i,t) ) kfs[S]P(j,i,t) + kfpP(j,i,t) ∑
l)1

Ne,b

∑
k)1

Ne,n

n(k)D(l,k,t) +

kfm[M] P(j,i,t) + ktdP(j,i,t) ∑
l)1

Ne,b

∑
k)1

Ne,n

P(l,k,t) -

kfp n(i)D(j,i,t) ∑
l)1

Ne,b

∑
k)1

Ne,n

P(l,k,t) - kdbD(j,i,t) ∑
l)1

Ne,b

∑
k)1

Ne,n

P(l,k,t) +

ktc ∑
l)1

j

∑
q)1

j

∑
k)1

i

∑
m)k

i

B(i,k,m) O(j,l,q) P(l,k,t) P(q,m,t) (28)

A(i,k) ) { n(i + 1) - n

n(i + 1) - n(i)
n(i) e n e n(i + 1)

n - n (i - 1)

n(i) - n(i - 1)
n(i - 1) e n e n(i)

and n ) n(k) + 1 (29)

B(i,k,m) ) { n(i + 1) - n

n(i + 1) - n(i)
n(i) e n e n(i + 1)

n - n(i - 1)

n(i) - n(i - 1)
n(i - 1) e n e n(i)

and n ) n(k) + n(m) (30)

C(j,l) ) { b(j + 1) - b

b(j + 1) - b(j)
b(j) e b e b(j + 1)

b - b(j - 1)

b(j) - b(j - 1)
b(j - 1) e b e b(j)

and b ) b(l) + 1 (31)

T(j,l,q) ) { b(j + 1) - b

b(j + 1) - b(j)
b(j) e b e b(j + 1)

b - b(j - 1)

b(j) - b(j - 1)
b(j - 1) e b e b(j)

and b ) b(l) + b(q) + 1 (32)
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whereδ is the Kronecker’sδ function.

Using the above calculated continuous-discrete rate functions
one can derive a system of [Ne,b× Ne,n] × 2 continuous-discrete
differential equations (DEs) to calculate the dynamic evolution
of the bivariate number chain length distributions (NCLDs) of
“live” and “dead” polymer chains:

By integrating the resulting system of DEs in time, the
concentrations of the “dead” polymer chains at the grid points
can be calculated. To reconstruct the WCLD that corresponds
to a specific value ofb(j), the following approximation was
employed:

Accordingly, the normalized total weight chain length
distribution,Wf, will be given by the sum of all distributions
corresponding to theNe,bgrid points of the LC branches domain:

Note that both chain length and LC branch domains were
discretized using a logarithmic rule. Typically, the chain length
and branch domains were partitioned into 50 and 8 finite
elements, respectively, leading to a total number of 800 discrete-
continuous differential equations. To ensure that the selected
number of elements was sufficient for the accurate reconstruc-
tion of the bivariate MW-LCB distribution a convergence
criterion on the conservation of the total mass in the system
was established.16

From the 2-D FPT simulation results, the number and weight-
average molecular weights and the number and weight-average
degrees of branching were calculated using the following
equations:

Number-average molecular weight:

Weight-average molecular weight:

Number-average degree of branching:

Weight-average degree of branching:

It should be pointed out that for linear polymer chains the
above 2-D problem is reduced to a 1-D one. In this case, the
complete set of discrete-continuous differential equations is
significantly smaller (i.e., of the order of 100 differential
equations). In fact, the continuous-discrete differential equations
corresponding to the rate functions (eqs 25 and 27), need only
to be integrated in time to calculate the dynamic evolution of
the “live” and “dead” NCLDs.

Experimental Procedure

In order to validate the MC and FPT simulation results for the
methyl methacrylate (MMA) free-radical batch polymerization
system, a series of experiments were carried out in a 1 gallon (1
gallon) 4.55 L) stainless steel reactor equipped with a two-blade
flat impeller. Apart from the agitated jacketed vessel, the reactor
system comprised a heating-cooling unit, a monomer feed unit, a
sampling unit, a vacuum unit, a reaction termination unit, and a
supervisory process computer. Heating and cooling of the reaction
mixture was achieved by controlling the flows of the two water
streams (i.e., a hot and a cold one to the reactor jacket). The reactor
was first purged with nitrogen prior to the addition of reactants
(i.e., monomer water, initiator, etc.). At specific time intervals,
samples were withdrawn from the reactor vessel for conversion
and MWD measurements.

MMA (analytical grade from Aldrich, 99%) was used without
any further purification. The stabilizer (PVA with a MW equal to
100 000 and a degree of hydrolysis equal to 86-89%, from Fluka)
and the initiator (2,2′-Azobis(isobutyronitrile) AIBN, 98% from
Aldrich) were used without any further purification as well.
Polymerization experiments were carried out at 70°C, whereas the
agitation rate was kept constant. The monomer volume fraction
and the PVA concentration were 0.40 and 0.2 g/L (based on the
water volume), respectively. The initiator concentration was 0.3
wt % (with respect to the monomer).

Monomer conversion was measured gravimetrically. The MWD
and the number- and weight-average molecular weights were
measured by a gel permeation chromatographer, (GPC), model PL-
GPC 210 plus viscometer. The GPC was equipped with two
different detectors (for intrinsic viscosity and refractive index
measurements).

Results and Discussion

Two free-radical polymerization systems, namely the free-
radical polymerization of methyl methacrylate (MMA) and the
free-radical polymerization of vinyl acetate (VAc), were em-
ployed as representative examples of linear (PMMA) and highly
branched (PVAc) polymers. Numerical simulations using the
two numerical methods (MC and FPT) were carried out for both
systems, over a wide range of process conditions (i.e., temper-
ature, initiator, monomer and CTA concentrations). The validity
of the numerical calculations was first examined via a direct

O(j,l,q) ) { b(j + 1) - b

b(j + 1) - b(j)
b(j) e b e b(j + 1)

b - b(j - 1)

b(j) - b(j - 1)
b(j - 1) e b e b(j)

and b ) b(l) + b(q) (33)

1
V

∂[VP(j,i,t)]
∂t

) rP(j,i,t); j ) 1, 2, ...,Ne,b;

i ) 1, 2, ...,Ne,n (34)

1
V

∂[VD(j,i,t)]
∂t

) rD(j,i,t); j ) 1, 2, ...,Ne,b;

i ) 1, 2, ...,Ne,n (35)

W(j,i,t) ) n(i)D(j,i,t)/(un(i + 1) - un(i)); i ) 1, 2, ...,Ne,n

(36)

Wf (i,t) )

∑
l)1

Ne,b

[n(i) D(l,i,t)/(un(i + 1) - un(i))]

∑
l)1

Ne,b

∑
k)1

Ne,n

n(k)D(l,k,t)

;

i ) 1, 2, ...,Ne,n (37)

Mn ) (∑
l)1

Ne,b

∑
k)1

Ne,n

n(k)D(l,k,t)/∑
l)1

Ne,b

∑
k)1

Ne,n

D(l,k,t))MWm (38)

Mw ) (∑
l)1

Ne,b

∑
k)1

Ne,n

n(k)2 D(l,k,t)/∑
l)1

Ne,b

∑
k)1

Ne,n

n(k) D(l,k,t))MWm (39)

Bn ) (∑
l)1

Ne,b

∑
k)1

Ne,n

b(l) D(l,k,t)/∑
l)1

Ne,b

∑
k)1

Ne,n

D(l,k,t) (40)

Bw ) (∑
l)1

Ne,b

∑
k)1

Ne,n

n(k) b(l) D(l,k,t)/∑
l)1

Ne,b

∑
k)1

Ne,n

n(k) D(l,k,t) (41)
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comparison of simulation results obtained by both methods with
experimental data on monomer conversion and MWD for the
free-radical MMA polymerization. Subsequently, the developed
FPT and MC numerical algorithms were applied to a highly
branched polymerization system (i.e., VAc). Simulation results
were directly compared with available experimental measure-
ments onMn, Mw and Bn, reported by Thomas.27 Additional
comparisons between the MC and the FP numerical methods
were carried out under different polymerization conditions. The
remarkable agreement between the results obtained by the two
computational methods (i.e., the 2-D FPT and MC) provided
strong evidence about the numerical accuracy of the proposed
methods.

It is well-known that, in free-radical polymerization, the
termination rate constant gradually decreases as the monomer
conversion and, hence, the viscosity of the reaction mixture
increases (i.e., gel-effect). To account for the diffusion-controlled
phenomena appearing in the MMA polymerization, the works
of Chiu et al.28 (for gel-effect and glass-effect) and Achillias
and Kiparissides29 (for cage-effect) were employed. For the VAc
polymerization, the original developments of Keramopoulos and
Kiparissides30 were followed. In Tables 2 and 3, the numerical
values of kinetic rate constants for the two systems are reported.

In Figures 5 and 6, experimental measurements on MMA
conversion and average molecular weights (i.e.,Mn andMw) of
PMMA are compared with model predictions obtained by the
two numerical methods (i.e., MC method and the 2-D FPT). It
is evident that both methods display an excellent agreement with
the experimental measurements.

In Figure 7, the molecular weight distributions calculated by
the MC and FP methods are compared with the experimentally
measured MWDs, at four different monomer conversions (i.e.,
13%, 21%, 48%, and 94%). Apparently, there is a very good
agreement between model predictions and experimental mea-
surements.

In Figure 8, the effect of the sampling factor,f, on the
reconstruction of the MWD calculated by the MC method is
depicted. The calculated MWDs of PMMA correspond to a
monomer conversion of 90% and a polymerization temperature
of 80 °C. As can be seen, the calculated MWDs converge to a
single distribution as the value of the sampling factor,f,

decreases. In the inset figure, the MC computational time is
plotted with respect to the factorf. Apparently, as the value of
f decreases the accuracy in the calculated MWD increases and
so does the total simulation time.

In Figure 9, an additional comparison between the MWDs
of PMMA calculated by the two methods at 62°C is depicted.
This comparison reveals the remarkable agreement between the
results obtained by the two methods throughout the polymeri-

Table 2. Kinetic Rate Constants for the Free-radical Polymerization
System of MMA

f0 ) 0.50 a
kd ) 6.32× 1016 exp(-30600/RT)(1/min) a
kp0 ) 2.95× 107 exp(-4353/RT) (m3/kmolmin) a
kt0 ) 11.88× 109 exp(-701/RT) (m3/kmol min) a
kfm/kp ) 11.48× 103 exp(-13020/RT) a
ktc/ktd ) 8.956× 10-4 exp(4500/RT) a
ktd ) kt - ktc (m3/kmolmin) a
A ) 0.168- 8.21× 10-6 (T - 387.2)2; B ) 0.03 a
θt ) 1.935× 10-22 exp (17580/T)/I0 a
θp ) 7.4814× 10-16 exp (13282/T) a

a Our own laboratory.

Table 3. Kinetic Rate Constants for the Free-radical Polymerization
System of Vac

fi ) 0.5 a
kp ) 4.2× 109 exp(-6300/RT) (m3/kmol min) a
ktc ) 1.62× 1012 exp(-2800/RT) (m3/kmol min) a
ktd ) 0 b
kfm ) 4.957× 108 exp(-10480/RT) (m3/kmol min) c
kfp ) 5.177× 108 exp(-11440/RT) (m3/kmol min) c
kdb ) 0.66kp a
kd ) 2.7× 1016 exp(-30000/RT) (1/min) a

a Hamer and Ray.31 b Thomas.27 c Our own laboratory.

Figure 5. Calculated and experimental monomer conversion values
for the free-radical MMA polymerization (T ) 70 °C, I0 ) 0.016 kmol
m-3, M(0) ) 0.8 kg).

Figure 6. Calculated and experimental number and weight-average
molecular weights (T ) 70 °C, I0 ) 0.016 kmol m-3, M(0) ) 0.8 kg).

Figure 7. Calculated and experimental MWDs for the free-radical
MMA polymerization at different monomer conversions (T ) 70 °C,
I0 ) 0.016 kmol m-3, M(0) ) 0.8 kg).
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zation process (i.e., up to very high monomer conversion, 98%).
It should be emphasized that the commonly employed steady-
state approximation for “live” radical chains was not applied
in the present study. Moreover, it is the first time that MC
simulations are carried out in the presence of diffusion-controlled
reactions up to very high monomer conversions (i.e., the system
becomes extremely stiff for integration) for branched polym-
erization systems.

In Figures 10-12, experimental measurements27 on the
number and weight-average molecular weights (i.e.,Mn in Figure
10 and Mw in Figure 11) and number-average degree of
branching (i.e.,Bn in Figure 12) of PVAc, are compared with
model predictions obtained by the two numerical methods (i.e.,
MC method and the 2-D FPT) at two different polymerization
temperatures (i.e., 60 and 80°C). Apparently, there is an
excellent agreement between the simulation results obtained by
the two numerical methods as well as with the experimental
measurements for both polymerization temperatures.

In Figures 13 and 14, the joint (MW-LCB) distributions
calculated by the MC algorithm are depicted for two monomer
conversions (i.e., 50% and 90%), respectively. The polymeri-
zation was carried out at 60°C. One can easily observe that
long chain branching increases as the monomer conversion
increases. The calculation of the joint (MW-LCB) distribution
provides unique information on the distribution of branches at
different chain lengths. To the best of our knowledge, it is the

first time that the full bivariate MW-LCB distribution has been
calculated for a highly branched polymerization system using
the present MC formulation (i.e., including diffusion-controlled
reactions and without the application of the quasi-steady state
approximation for “live” polymer chains).

Figure 8. Effect of the sampling factor,f, on the convergence of the
Monte Carlo algorithm (a) and on the required simulation time (b)
(here: f ) 5 × 1014) (T ) 80 °C, I0 ) 0.01 kmol m-3, M(0) ) 0.1 kg).

Figure 9. Monomer conversion and MWDs calculated by the Monte
Carlo method and the 2-D FPT for the MMA free-radical polymeri-
zation system (T ) 62 °C, I0 ) 0.02 kmol m-3, M(0) ) 1.07 kg).

Figure 10. Calculated and experimental values of number-average
molecular weight for the VAc free-radical polymerization (T ) 60 °C,
I0 ) 5 × 10-5 kmol m-3, T ) 80 °C, I0 ) 1 × 10-4 kmol m-3, M(0)
) 0.1 kg).

Figure 11. Calculated and experimental values of weight-average
molecular weight for the VAc free-radical polymerization (T ) 60 °C,
I0 ) 5 × 10-5 kmol m-3, T ) 80 °C, I0 ) 1 × 10-4 kmol m-3, M(0)
) 0.1 kg).

Figure 12. Calculated and experimental values of number-average
degree of branching for the VAc free-radical polymerization (T ) 60
°C, I0 ) 5 × 10-5 kmol m-3, T ) 80 °C, I0 ) 1 × 10-4 kmol m-3,
M(0) ) 0.1 kg).

2232 Meimaroglou et al. Macromolecules, Vol. 40, No. 6, 2007



Finally, in Figure 15, the MWDs of PVAc, calculated by the
FPT and MC method, are plotted for five different values of
LCB content (i.e., 0, 1, 2, 4, and 10), at a monomer conversion
of 90%. It can be seen that the distributions calculated by both
numerical methods are in very good agreement at all values of
LCB.

Conclusions

In this work, an efficient Monte Carlo algorithm and a 2-D
fixed pivot technique were developed for the prediction of the
MWD for linear polymers (PMMA) and branched polymers
(PVAc), produced in chemically initiated batch free-radical
polymerization systems. By a direct comparison of the numerical
results obtained by the two methods with experimental measure-
ments on monomer conversion, MWD and molecular weight
averages the computational capabilities of the proposed methods
were established. Extensive numerical simulations revealed the
main advantages and disadvantages of the two numerical
methods. In general, the implementation of the 2-D FPT is very
complex and requires special computational skills. It was found
that the calculated MWDs depend on the discretization of the
chain length domain, thus, a careful selection of the number
and size of the discrete elements in the FPT is required for the
accurate reconstruction of the MWD. The MC stochastic
method, on the other hand, is simpler in its implementation but
requires higher computational times, especially for highly
branched polymer systems at high monomer conversions.

Notation

Bn number-average degree of branching
Bw weight-average degree of branching
b(i) grid point in the center of the “ith” element of the LC

branches domain

bi
D number of LC branches for the “ith” “dead” polymer

chain
Db,n concetration of “dead” polymer chains with “b” LC

branches and a total chain length equal to “n” [kmol
m-3]

D(j,i) concentration of the “dead” polymer chains in the center
of the 2-D element defined by the four discrete points
[(ub(j), un(i)), (ub(j+1), un(i)), (ub(j), un(i+1)), and
(ub(j+1), un(i+1))] [kmol m-3]

f sampling factor in the MC algorithm
[I] concentration of initiator [kmol m-3]
I0 initial concentration of initiator [kmol m-3]
I(0) initial mass of initiator [kg]
Is(0) initial number of molecules of initiator in the MC

sample [molecules]
kd initiator decomposition rate constant [min-1]
kdb terminal double bond rate constant [m3 kmol-1 min-1]
kfm chain transfer to monomer rate constant [m3 kmol-1

min-1]
kfp chain transfer to polymer rate constant [m3 kmol-1

min-1]
kfs chain transfer to solvent (CTA) rate constant [m3 kmol-1

min-1]
kI initiation rate constant [m3 kmol-1 min-1]
kp propagation rate constant [m3 kmol-1 min-1]
ktc termination by combination rate constant [m3 kmol-1

min-1]
ktd termination by disproportionation rate constant [m3

kmol-1 min-1]
[M] concentration of monomer [kmol m-3]
M(0) initial mass of monomer [kg]
Mn number-average molecular weight [kg kmol-1]
Ms(0) initial number of molecules of monomer in the MC

sample [molecules]
Mw weight-average molecular weight [kg kmol-1]
MWm molecular weight of monomer [kg kmol-1]
Nb maximum number of branches
Ne,b total number of elements on the LC branches domain
Ne,n total number of elements on the chain length domain

Figure 13. MC calculated bivariate MW-LCB distribution for the
VAc free-radical polymerization, at a monomer conversion of 0.5 (T
) 60 °C, I0 ) 0.0016 kmol m-3, M(0) ) 0.1 kg).

Figure 14. MC calculated bivariate MW-LCB distribution for the
VAc free-radical polymerization ,at a monomer conversion of 0.9 (T
) 60 °C, I0 ) 0.0016 kmol m-3, M(0) ) 0.1 kg).

Figure 15. Comparison of the MC and the FPT calculated MWDs for
linear and branched polymer chains of PVAc, at a monomer conversion
of 0.9 and five different values of LCB (T ) 60 °C, I0 ) 0.0016 kmol
m-3, M(0) ) 0.1 kg).
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Nn maximum degree of polymerization
NR total number of distinct chemical reactions that can take

place in the MC sample
Ns number of different molecular species in the MC sample
n(i) grid point in the center of the “ith” element of the chain

length domain

ni
D total degree of polymerization for the ‘ith’ “dead”

polymer chain
Pb,n concetration of “live” polymer chains with “b” LC

branches and a total chain length equal to “n” [kmol
m-3]

Pi MC probability for the occurrence of the “ith” chemical
reaction

P(j,i) concentration of the “live” polymer chains in the center
of the 2-D element defined by the four discrete points
[(ub(j), un(i)), (ub(j+1), un(i)), (ub(j), un(i+1)), (ub-
(j+1), un(i+1))] [kmol m-3]

[PR•] concentration of primary radicals [kmol m-3]
Ri net formation rate of the ‘ith’ chemical reaction in the

MC algorithm [molecules min-1]
rD(j,i) net production rate of “dead” polymer chains in the

center of the 2-D element defined by the four discrete
points [(ub(j), un(i)), (ub(j+1), un(i)), (ub(j), un(i+1)),
(ub(j+1), un(i+1))] [kmol m-3 min-1]

rP(j,i) net production rate of “live” polymer chains in the
center of the 2-D element defined by the four discrete
points [(ub(j), un(i)), (ub(j+1), un(i)), (ub(j), un(i+1)),
(ub(j+1), un(i+1))] [kmol m-3 min-1]

rb,n
D net production rate of “dead” polymer chains with “b”

LC branches and a total chain length equal to “n”
[kmol m-3 min-1]

rb,n
P net production rate of “live” polymer chains with “b”

LC branches and a total chain length equal to “n”
[kmol m-3 min-1]

rni randomly generated number from a uniform distribution
in the range [0,1]

[S] concentration of chain transfer agent [kmol m-3]
S(0) initial mass of CTA [kg]
Si type of the molecular species “i” in the MC sample
Ss(0) initial number of molecules of CTA in the MC sample

[molecules]
T polymerization temperature [°C]
t time [min]
tp total polymerization time [min]
ub(i) left boundary of the ‘ith’ element on the LC branches

domain
un(i) left boundary of the ‘ith’ element on the total chain

length domain
V volume of the dispersed phase [m3]
V0 initial volume of monomer [m3]
X monomer conversion
Xc total number of possible combinations of the molecules

involved in a reaction step, [moleculesa, wherea is
the order of the specific reaction step]

Xi number of molecules of species “i” in the MC sample
[molecules]

Greek Letters

δ(n) Kronecker’sδ function
∆t time interval in the MC algorithm [min]
λi “ ith” moment of the “live” polymer chains
µi “ ith” moment of the “dead” polymer chains
æm monomer volume fraction
æp polymer volume fraction
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